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A multi-input/multi-output adaptive sliding controller is designed and analyzed for the longitudinal dynamics
of a generic hypersonic air vehicle. This vehicle model is nonlinear, multivariable, and unstable and includes
uncertain parameters. Simulation studies are conducted for trimmed cruise conditions of 110,000 ft and Mach
15 where the responses of the vehicle to a step change in altitude and airspeed are evaluated. The commands are
100-ft/s step velocity and 2000-ft step altitude. The controller is evaluated for robustness with respect to parameter
uncertainties using simulations. Simulation studies demonstrate that the proposed controller is robust with respect
to parametric uncertainty and meets the performance requirements with relatively low-amplitude control inputs.

Nomenclature
a = combined uncertainty parameter, ft · s2

b = combined uncertainty parameter, ft3/s
CD = drag coefficient
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CL = lift coefficient
CM (q) = moment coefficient due to pitch rate
CM (α) = moment coefficient due to angle of attack
CM (δe) = moment coefficient due to elevator deflection
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CT = thrust coefficient
c̄ = mean aerodynamic chord, ft
D = drag, lbf
h = altitude, ft
Iyy = moment of inertia, slug · ft2

kh, kq = observer sliding gains, 1/s
k1, k2 = controller sliding gains, 1/s
kα = observer sliding gain
kγ = observer sliding gain, rad/ft · s
L = lift, lbf
M = Mach number
Myy = pitching moment, lbf · ft
m = mass, slug
q = pitch rate, rad/s
RE = radius of the Earth, ft
r = radial distance from Earth’s center, ft
S = reference area, ft2

T = thrust, lbf
V = velocity, ft/s
α = angle of attack, rad
β = throttle setting
γ = flight-path angle, rad
δe = elevator deflection, rad
η1, η2 = observer damping coefficients, 1/s
η3 = observer damping coefficient, rad/ft · s
η4 = observer damping coefficient
λ1, λ2 = bandwidth of tracking error dynamics, 1/s
µ = gravitational constant
ρ = density of air, slug/ft3

�1, �2 = boundary-layer widths, ft/s3

Introduction

H YPERSONIC air vehicles are sensitive to changes in flight
condition as well as physical and aerodynamic parameters

due to their design and flight conditions of high altitudes and Mach
numbers. For example, at cruise flight at altitude of 110,000 ft and
Mach 15, a 1-deg increase in angle of attack produces a load factor
of about 0.33 g. Furthermore, it is difficult to measure or estimate
the atmospheric properties and aerodynamic characteristics at the
hypersonic flight altitude. As a result, modeling inaccuracies can
result and can have strong adverse effects on the performance of
air vehicle’s control systems. Therefore, robust control has been the
main technique used for hypersonic flight control.1,2

The sliding mode control method provides a systematic approach
to the problem of maintaining stability and consistent performance
in the face of modeling imprecision. The main advantage of slid-
ing mode control is that the system’s response remains insensitive
to model uncertainties and disturbances.3,4 The most completely
developed area of sliding mode control is for single-input/single-
output systems (SISO).3 In Ref. 4, SISO sliding mode control is
extended to a class of nonlinear multi-input/multi-output (MIMO)
systems. Although the technique has good robustness properties,
pure sliding mode control presents drawbacks that include large
control authority requirements and chattering. The performance of
pure sliding mode control can be improved by coupling it with an
online parameter estimation scheme.5 Also, a sliding mode con-
troller can be implemented only if full state feedback is available,
a requirement not readily achieved in a hypersonic flight. The de-
sign of a state observer for the unmeasurable states based on sliding
modes has been proposed in Ref. 6, where it is shown that sliding
mode observers have inherent robustness properties in the face of
parametric uncertainty and measurement noise. An adaptive sliding
mode controller combined with an observer was applied to a SISO
magnetic suspension system in Ref. 7 and to a linear MIMO robotic
system in Ref. 8.

In this paper, design of a MIMO adaptive controller for a hy-
personic air vehicle based on the sliding mode control technique
is presented. The plant is the longitudinal model of a generic hy-
personic air vehicle.1,2 This model is nonlinear, multivariable, and
unstable with seven uncertain inertial and aerodynamic parameters.

The open-loop dynamics of the air vehicle exhibits unstable short-
period and height modes, as well as a lightly damped phugoid mode.
The control design described in the following sections consists of
four steps. First, full-state feedback is applied to linearize the dy-
namics of the air vehicle with respect to air speed V and altitude
h. Next, a pure sliding mode controller is designed. An adaptive
sliding mode controller is then designed to improve performance in
the presence of parametric uncertainty. In addition, a sliding mode
observer is designed to estimate the angle of attack and the flight-
path angle, which are difficult to measure in a hypersonic flight.
[Although with global positioning system- (GPS-) aided inertial
navigation it is reasonable to assume that the flight-path angle could
be calculated from the rate change of altitude and velocity.] How-
ever, in this study we consider the worst case where neither the
flight-path angle measurement nor its calculated value is available.
Finally, the overall controller is synthesized by combining the adap-
tive controller with the observer. Simulation studies are conducted
for trimmed cruise conditions of 110,000 ft and Mach 15 to evaluate
the response of the vehicle to a step change of 2000 ft in altitude
and 100 ft/s in airspeed. Parameter uncertainties are included in
the inertial and aerodynamic coefficients and are allowed to take
their maximum possible deviation in the simulation studies. The re-
sults demonstrate that at the trimmed flight conditions used for the
simulations the combined adaptive sliding controller is robust with
respect to parametric uncertainty and provides good performance
with limited control authority.

Hypersonic Air Vehicle Model
A model for the longitudinal dynamics of a generic hypersonic

vehicle developed at NASA Langley Research Center is presented in
Refs. 1 and 2. The equations of motion include an inverse-square-law
gravitational model and the centripetal acceleration for the nonrotat-
ing Earth. The longitudinal dynamics of the air vehicle model can be
described by a set of differential equations for velocity, flight-path
angle, altitude, angle of attack, and pitch rate as

V̇ = T cos α − D

m
− µ sin γ

r 2
(1)

γ̇ = L + T sin α

mV
− (µ − V 2r) cos γ

V r 2
(2)

ḣ = V sin γ (3)

α̇ = q − γ̇ (4)

q̇ = Myy

Iyy
(5)

where

L = 1
2 ρV 2 SCL (6)

D = 1
2 ρV 2 SCD (7)

T = 1
2 ρV 2 SCT (8)

Myy = 1
2 ρV 2 Sc̄[CM (α) + CM (δe) + CM (q)] (9)

r = h + RE (10)

The engine dynamics are modeled by a second-order system:

β̈ = −2ζωn β̇ − ω2
nβ + ω2

nβc (11)

For the purpose of this study, the aerodynamic coefficients are
simplified around the nominal cruising flight. The nominal flight
of the vehicle is at a trimmed cruise condition (M = 15, V =
15,060 ft/s, h = 110,000 ft, γ = 0 deg, and q = 0 deg/s). Parametric
uncertainty is modeled as an additive variance � to the nominal
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values used for control design. For illustration, only limited number
of uncertain parameters is considered,

CL = 0.6203α (12)

CD = 0.6450α2 + 0.0043378α + 0.003772 (13)

CT =
{

0.02576β if β < 1

0.0224 + 0.00336β if β > 1 (14)

CM (α) = −0.035α2 + 0.036617(1 + �CMα)α + 5.3261 × 10−6

(15)

CM (q) = (c̄/2V )q(−6.796α2 + 0.3015α − 0.2289) (16)

CM (δe) = ce(δe − α) (17)

m = m0(1 + �m) (18)

Iyy = I0(1 + �I ) (19)

S = S0(1 + �S) (20)

c̄ = c̄0(1 + �c̄) (21)

ρ = ρ0(1 + �ρ) (22)

ce = 0.0292(1 + �ce) (23)

where the nominal values are given by m0 = 9375, I0 = 7 × 106,
S0 = 3603, c̄0 = 80, and ρ0 = 0.24325 × 10−4. The maximum values
of the additive uncertainties used in the simulation studies are taken
as follows:

|�m| ≤ 0.03, |�I | ≤ 0.02, |�S| ≤ 0.01

|�c̄| ≤ 0.01, |�ρ| ≤ 0.06

|�ce| ≤ 0.03, |�CMα| ≤ 0.1 (24)

The control inputs are the throttle setting βc and the elevator
deflection δe. The outputs are the velocity V and the altitude h. The
commanded desired values of velocity and altitude are denoted by
Vd(t) and hd(t), respectively.

Input/Output Linearization
The longitudinal model of the generic hypersonic air vehicle de-

scribed by Eqs. (1–5) is a special case of a general MIMO nonlinear
system of the form

ẋ(t) = f (x) +
m∑

k = 1

gk(x)uk (25)

yi (t) = hi (x), i = 1, . . . , m (26)

where f, g, and h are sufficiently smooth functions of x ∈ �n .
Input/output linearization uses full state feedback to globally lin-
earize the nonlinear dynamics of selected controlled outputs. Fol-
lowing the approach in Ref. 4, each of the output channels yi is
differentiated a sufficient number of times until a control input com-
ponent appears in the resulting equation. Let ri , the linearizability
index, be the minimum order of the derivative of yi for which the
coefficient of at least one uk is not zero. When the Lie derivative
notation is used, this derivative can be expressed as

y(ri )

i = Lri
f (hi ) +

m∑
k = 1

Lgk

[
Lri − 1

f (hi )
]
uk (27)

where the Lie derivatives are defined as

L f (hi ) = ∂hi

∂x1
f1 + · · · + ∂hi

∂xn
fn

Lr
f (hi ) = L f

[
Lr−1

f (hi )
]
, Lgk (hi ) = ∂hi (x)

∂x
gk

Given that the nonlinear system is I/O linearizable, for each output
yi there exists a linearizability index ri . Accordingly,

r =
m∑

i = 1

ri

is called the relative degree of the nonlinear system. The necessary
and sufficient condition for the existence of a transformation lin-
earizing the system completely from the I/O point of view is that
the relative degree r be the same as the order of the system, n, that is,
r = n. If r < n, however, the nonlinear system can only be partially
linearized. In this case, the stability of the nonlinear system given
by Eqs. (25) and (26) depends not only on the linearized system,
but also on the stability of the internal dynamics (zero dynamics).

When the described technique is applied to the longitudinal model
of the hypersonic vehicle, the output dynamics for velocity V and
altitude h can be derived by differentiating V three times and h
four times as shown later. Therefore, the relative degree of the sys-
tem, r = 3 + 4 = 7 = n, equals to the order of the system. Thus, the
nonlinear longitudinal model can be linearized completely, and the
closed-loop system has no zero dynamics.2 The linearized model is
developed by repeated differentiation of V and h as follows:

V̇ = f1(x), V̈ = ω1ẋ/m, ¨V̇ = (ω1ẍ + ẋ
2ẋ)/m (28)

ḧ = V̇ sin γ + V γ̇ cos γ

¨̇h = V̈ sin γ + 2V̇ γ̇ cos γ − V γ̇ 2 sin γ + V γ̈ cos γ

h(4) = ¨V̇ sin γ + 3V̈ γ̇ cos γ − 3V̇ γ̇ 2 sin γ + 3V̇ γ̈ cos γ

− 3V γ̇ γ̈ sin γ − V γ̇ 3 cos γ + V ¨̇γ cos γ (29)

In Eq. (29),

γ̇ = f2(x), γ̈ = π1ẋ, ¨̇γ = π1ẍ + ẋT �2ẋ (30)

where xT = [V γ α β h], f1 and f2 are the short-hand expres-
sions of the right-hand side of Eqs. (1) and (2), respectively, and
ω1 = ∂ f1(x)/∂x, 
2 = ∂ω1/∂x, π1 = ∂ f2(x)/∂x, and �2 = ∂π1/∂x.
The detailed expressions of ω1, 
2, π1, and �2 are given in the
Appendix.

The right-hand sides of Eqs. (28) and (29) involve second deriva-
tives of α and β. The expression of the second derivatives for α and
β can be viewed as consisting of two parts: a part that is control
relevant and a part that is not,

α̈ = α̈0 +
(

ceρV 2 Sc̄

2Iyy

)
δe (31)

β̈ = β̈0 + ω2
nβc (32)

where

α̈0 = 1
2 ρV 2 Sc̄[CM (α) + CM (q) − ceα]/Iyy − γ̈ (33)

β̈0 = −2ζωn β̇ − ω2
nβ (34)

When ẍT
0 = [V̈ γ̈ α̈0 β̈0 ḧ] is defined, the output dynamics of V and

h can be written in a form in which control inputs βc and δe appear
explicitly,

¨V̇ = fV + b11βc + b12δe (35)

h(4) = fh + b21βc + b22δe (36)
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where

fV =
(
ω1ẍ0 + ẋT 
2ẋ

)
m

(37)

fh = 3V̈ γ̇ cos γ − 3V̇ γ̇ 2 sin γ + 3V̇ γ̈ cos γ − 3V γ̇ γ̈ sin γ

− V γ̇ 3 cos γ +
(
ω1ẍ0 + ẋT 
2ẋ

)
sin γ

m

+ V cos γ
(
π1ẍ0 + ẋT �2ẋ

)
(38)

b11 =
(

ρV 2 Scβω2
n

2m

)
cos α (39)

b12 = −
(

ceρV 2 Sc̄

2m Iyy

)(
T sin α + ∂ D

∂α

)
(40)

b21 =
(

ρV 2 Scβω2
n

2m

)
sin(α + γ ) (41)

b22 =
(

ceρV 2 Sc̄

2m Iyy

)[
T cos(α + γ ) +

(
∂L

∂α

)
cos γ −

(
∂ D

∂α

)
sin γ

]

(42)

cβ =
{

0.02576, β < 1

0.00336, β > 1 (43)

∂ D

∂α
= 1

2
ρV 2 S(1.290α + 0.0043378)

∂L

∂α
= 1

2
ρV 2 S × 0.6203

Sliding Mode Controller Design
The control design problem is to select a vector [βc δe]T that

forces the velocity V and altitude h to track some desired com-
manded values Vd(t) and hd(t) in the presence of parametric uncer-
tainty. When the techniques introduced in Ref. 4 are applied, first
two decoupled sliding surfaces s1 and s2 are defined by

s1 =
(

d

dt
+ λ1

)3 ∫ t

0

e1(τ ) dτ , e1(t) = V − Vd (44)

s2 =
(

d

dt
+ λ2

)4 ∫ t

0

e2(τ ) dτ , e2(t) = h − hd (45)

where λ1 and λ2 are strictly positive constants defining the band-
width of the error dynamics. The sliding surfaces si = 0, i = 1, 2,
represent linear differential equations whose solutions imply∫

ei (t), i = 1, 2

approach to zero exponentially with the time constants 2/λ1 and
3/λ2, respectively, where the integrals of the tracking errors are
used to cancel the steady-state errors.3

Differentiating s1 and s2, we have

ṡ1 = −¨V̇ d + fV + 3λ1ë1 + 3λ2
1ė1 + λ3

1e1 + b11βc + b12δe (46)

ṡ2 = −h(4)

d + fh + 4λ2 ¨̇e2 + 6λ2
2ë2 + 4λ3

2ė2 + λ4
2e2 + b21βc + b22δe

(47)

which can be written in a compact vector form as[
ṡ1

ṡ2

]
=

[
v1(x, t)

v2(x, t)

]
+

[
b11 b12

b21 b22

][
βc

δe

]
(48)

where

v1(x, t) = −¨V̇ d + fV + 3λ1ë1 + 3λ2
1ė1 + λ3

1e1 (49)

v2(x, t) = −h(4)

d + fh + 4λ2 ¨̇e2 + 6λ2
2ë2 + 4λ3

2ė2 + λ4
2e2 (50)

The sliding control design is then choosing the control inputs such
that the following attractive equations are satisfied:

1

2

ds2
1

dt
≤ −k1 |s1| (51)

1

2

ds2
2

dt
≤ −k2 |s2| (52)

where k1 and k2 are strictly positive constants that determine the
desired reaching time to the sliding surfaces. The attractive Eqs. (51)
and (52), also called sliding conditions, imply that the distance to the
sliding surface decreases along all system trajectories. Furthermore,
the sliding condition makes the sliding surfaces an invariant set, that
is, once a system trajectory reaches the surface, it will remain on
it for the rest of the time. In addition, for any initial condition, the
sliding surface will be reached in a finite time.3

When Eq. (48) is used, the controller that satisfies the sliding
conditions (51) and (52) can be chosen as

[
βc

δe

]
= B−1

[−v1(x, t) − k1 sgn(s1)

−v2(x, t) − k2 sgn(s2)

]
, B =

[
b11 b12

b21 b22

]

(53)

where B is assumed to be invertible. It is easy to see that B inverse
does indeed exist for the entire flight envelope except on a vertical
flight path.2 The control law (53) can be viewed as consisting of
two parts: the term −B−1[v1 v2]T , called the equivalent control,
which guarantees ṡi = 0, i = 1, 2, for the nominal model, and the
other term −B−1[k1sgn(s1) k2sgn(s2)], incorporated to deal with
parameter uncertainties. With this design, the sliding surfaces will
be reached even in the presence of parameter uncertainties. In fact,
in the presence of parameter uncertainty, one has

[
ṡ1

ṡ2

]
=

[
� fV + v1

� fh + v2

]
+ (�B + B)B−1

[−v1 − k1 sgn(s1)

−v2 − k2 sgn(s2)

]
(54)

As discussed in Ref. 3, when large enough k1 and k2 are chosen,
the sliding conditions (51) and (52) can be satisfied. However, be-
cause of the discontinuity across the sliding surfaces, the preceding
control law may result in control chattering. As a practical matter,
chattering is undesirable because it involves very high control action
and may excite high-frequency dynamics neglected in the modeling.
The discontinuity in the control law can be dealt with by defining
two thin boundary layers of widths �1 and �2 around the sliding sur-
faces, that is, replacing sgn(si ) with continuous saturation functions
sat(si/�i ), i = 1, 2, where sat(x) = x if |x | ≤ 1 and sat(x) = sgn(x)
otherwise. Therefore, our sliding controller is modified as follows:

[
βc

δe

]
= B−1

[−v1(x, t) − k1 sat(s1/�1)

−v2(x, t) − k2 sat(s2/�2)

]
(55)

With this scheme, the control law achieves a tradeoff between track-
ing precision and robustness. Analysis demonstrated by simulations
shows that both the sliding surfaces and the attractive conditions in-
fluence how fast the system responds to a step input.4

Also, to guarantee closed-loop stability, it is necessary to identify
the condition where the maximum effect of the combined parameter
uncertainties is encountered. Both analytical and simulation studies
conducted revealed that the closed-loop system is far more sensitive
to variation in the gain matrix �B than it is to � fV and � fh . To
calculate �B for the worst case, the gain matrix is written as a
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product of a fixed basis matrix Y and an uncertainty parameter
matrix,

B =
[
(1/a)Y11 (1/b)Y12

(1/a)Y21 (1/b)Y22

]
=

[
Y11 Y12

Y21 Y22

][
(1/a) 0

0 (1/b)

]
(56)

where

a = 2 × 10−4m

ρScβω2
n

(57)

b = 4 × 10−14 Iyym

ρ2 S2cec̄
(58)

Y11 = V 2 cos α × 10−4 (59)

Y21 = V 2 sin(α + γ ) × 10−4 (60)

Y12 = −V 4

(
CT sin α + ∂CD

∂α

)
× 10−14 (61)

Y22 = V 4

{
CT cos(α + γ ) +

(
∂CL

∂α

)
cos γ −

(
∂CD

∂α

)
sin γ

}
× 10−14

(62)

Constants a and b embody the combinations of all uncertainty pa-
rameters in B. The worst case occurs when �m and �I take their
maximum negative values, while �ρ, �S, �ce, and �c̄ take their
maximum positive values. In this study, the nominal values of a and
b are 1.1926 ft · s2 and 0.1463 ft3/s, and the true values of a and b are
1.0805 ft · s2 and 0.1166 ft3/s, respectively. Therefore, the parameter
a contains 10.4% uncertainty and the parameter b contains 25.4%
uncertainty. In a hypersonic vehicle, these uncertainties are signifi-
cant. The uncertainties in fV and fh are nonlinear combinations of
the uncertainty in parameters. When a Taylor series expansion of
these terms around their nominal values is used and the high-order
error terms are neglected, the terms � fV and � fh can be estimated
from their nominal values.

The simulation results are shown in Figs. 1–4. Figures 1 and 2
show the response of the nominal model, that is, no parameter un-
certainty. In the simulation studies for the nominal model, k1 and k2

are both taken as 2, and �1 and �2 are both chosen as 0.1. Figure 1
shows the vehicle response to a 100-ft/s step-velocity command at
the trimmed condition. It is observed that the velocity converges
to the desired value in a short time, whereas the altitude remains
almost unchanged. Figure 2 shows the vehicle response to a 2000-ft
step-altitude command. Similarly, the altitude converges to its de-
sired value with a short response time. In both cases, the controller

Fig. 1 Response to a 100-ft/s step-velocity command for the nominal
model.

Fig. 2 Response to a 2000-ft step-altitude command for the nominal
model.

Fig. 3 Response to a 100-ft/s step-velocity command with parameter
uncertainties.

Fig. 4 Response to a 2000-ft step-altitude command with parameter
uncertainties.
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achieves quick convergence, no overshoot and no steady-state error,
for the nominal model. Figures 3 and 4 show the simulation results
for the same maneuvers albeit in the presence of parameter uncer-
tainty for the worst case discussed earlier. In this case, k1 and k2

are taken as 1400 and 100, and �1 and �2 are chosen as 0.8 and
0.6, respectively. The results show that robustness and stability have
indeed been achieved. The price paid to achieve robustness in this
case is in the form of large gains k1 and k2 and control chattering.
However, the control gains cannot be chosen arbitrary large due to
practical considerations such as reaching control surface deflection
limits. Furthermore, control chattering is undesirable in practice be-
cause it involve high control activity and may excite high-frequency
unmodeled dynamics. In simulation, the widths of the boundary lay-
ers have expanded to reduce chattering. To eliminate chattering, the
widths of the boundary layers have to be further expanded, which
will result in large steady-state errors. Therefore, in the presence of
large parameter uncertainty, pure sliding mode controller requires
a tradeoff between steady-state error and control chattering. This
drawback of the sliding mode controller is addressed in the next
section, where an online parameter estimator is combined with the
sliding mode controller to improve performance when parameter
uncertainty is present.

Adaptive Sliding Mode Controller Design
As demonstrated in the preceding section, the sliding mode con-

troller achieves good tracking in the presence of parametric un-
certainty at the expense of high gains and control chattering. The
performance of the sliding mode controller is dependent on the
size of the parametric uncertainties involved. An undesirable char-
acteristic of this controller is the quick erosion of performance to
gain robustness. This shortcoming of the pure sliding controller has
motivated combining the earlier given control law with online pa-
rameter adaptation. In this section, we develop an adaptive sliding
mode controller that combines an online parameter estimator with
the sliding mode controller of the preceding section. The adaptive
laws for updating parameters are generated using the Lyapunov syn-
thesis approach (see Ref. 9). As mentioned before, the dynamics of
the system is more sensitive to the uncertainty parameters in the
gain matrix B. The gain matrix B itself is the product of a fixed
basis matrix Y and a diagonal matrix with two parameters a and b
involving uncertainties. The constant a embodies the combination
of a number of uncertain parameters including S, ρ, Iyy , and m, and
the constant b embodies the combination of uncertain parameters
c̄, S, ce, ρ, Iyy , and m. For a hypersonic vehicle, these parameters
are fixed and strictly positive but difficult to measure exactly at any
given time. To deal with the parametric uncertainty, we combine the
sliding mode controller with an online parameter estimator forming
an adaptive sliding mode controller,

[
βc

δe

]
=

[
â 0

0 b̂

][
Y11 Y12

Y21 Y22

]−1

ū (63)

ū =
[−v1(x, t) − k1 sat(s1/�1)

−v2(x, t) − k2 sat(s2/�2)

]
(64)

where â and b̂ are the online estimates of the uncertain parameters
a and b.

The adaptive laws can be derived using the Lyapunov synthesis
approach. Consider the Lyapunov-like function,

V = 1
2 sT

�s� + (1/2aka)ã2 + (1/2bkb)b̃2 (65)

where

ã = â − a, b̃ = b̂ − b, sT
� = [s1� s2�]

s1� = s1 − �1sat(s1/�1), s2� = s2 − �2sat(s2/�2)

where �1 and �2 are two small positive constants. In this construc-
tion, s� can be thought of a measure of the algebraic distances of
the current states to the boundary layers. The adaptation ceases as

the states reach the boundary layers to avoid parameter estimate
drifting.5 Following the treatment in Ref. 9, we have

V̇ = sT
�




−� fV − k1 sat

(
s1

�1

)

−� fh − k2 sat

(
s2

�2

)

 + sT

�

[
Y11 Y12

Y21 Y22

]



ã

a
0

0
b̃

b




×
[

Y11 Y12

Y21 Y22

]−1

ū + 1

aka
ã ˙̂a + 1

bkb
b̃ ˙̂b (66)

Equation (66) can be further expanded as

V̇ = −(k1 − |� fV )|s1�| − (k2 − |� fh |)|s2�| + ã

a

1

�
sT
�

×
[

Y11Y22 −Y11Y12

Y21Y22 −Y21Y12

]
ū + b̃

b

1

�
sT
�

[−Y12Y21 Y11Y12

−Y22Y21 Y11Y22

]
ū

+ 1

aka
ã ˙̂a + 1

bkb
b̃ ˙̂b

Then, the adaptive laws for estimating uncertain parameters can be
derived as

˙̂a = − ka

�
sT
�

[
Y11Y22 −Y11Y12

Y21Y22 −Y21Y12

]
ū (67)

˙̂b = − kb

�
sT
�

[−Y12Y21 Y11Y12

−Y22Y21 Y11Y22

]
ū (68)

where � = Y11Y22 − Y12Y21 is the determinant of the ma-
trix Y. The sliding gains are chosen as k1 ≥ |� fV |max + l1 and
k2 > |� fh |max + l2 (where l1 and l2 are two positive constants) such
that V̇ ≤ − l1|s1�| − l2|s2�|, which guarantees all trajectories con-
verge to the boundary layers.

The sliding gains of k1 and k2 in this case are taken as 150 and 10,
respectively, which are much reduced compared with those in the
pure sliding mode control. The simulation results using the adaptive
sliding mode controller are shown in Figs. 5–8. When these results
are compared with the results obtained using the pure sliding mode
controller shown in Figs. 3 and 4, a notable improvement in perfor-
mance is observed. It is seen that the level of the control effort in
the adaptive case is significantly smaller. Figures 6 and 8 show that
the parameters converge to their true values. In Fig. 6, the true val-
ues are a = 1.0805 ft · s2 and b = 0.1166 ft3/s. Initial nominal values
in the estimation were â(0) = 1.1926 ft · s2 and b̂(0) = 0.1463 ft3/s.
In Fig. 8, true values are a = 1.0805 ft · s2 and b = 0.1166 ft3/s.

Fig. 5 Adaptive sliding mode controller: response to a 100-ft/s step-
velocity command.
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Fig. 6 Parameter estimation in response to a 100-ft/s step-velocity
command.

Fig. 7 Adaptive sliding mode controller: response to a 2000-ft step
command.

Fig. 8 Parameter estimation in response to a 2000-ft step-altitude
command.

Initial nominal values in estimation were â(0) = 1.1926 ft · s2 and
b̂(0) = 0.1463 ft3/s.

Sliding Mode Observer Design
The sliding mode and the adaptive sliding mode controllers devel-

oped in the preceding sections assume that full states are available
for measurement. In practice, however, only the states that corre-
spond to velocity V , altitude h, and pitch rate q are expected to be
measured. The state variables corresponding to the angle of attack
α and flight-path angle γ may be difficult to measure in an actual
hypersonic flight because they are generally very small. Accurate
measurements are costly and difficult if at all possible to obtain
practically. In this section, a sliding mode observer is designed that
can provide the estimates of the angle of attack and flight-path an-
gle based on the measurements of velocity, altitude, and pitch rate.
When the techniques developed in Ref. 6 are applied, a sliding mode
observer is designed whose structure is given by

˙̂h = V sin γ̂ − η1h̃ − khsgn(h̃) (69)

˙̂q = M̂yy

I0
− η2q̃ − kq sgn(q̃) (70)

˙̂γ = L̂ + T sin α̂

mV
− (µ − V 2r) cos γ̂

V r 2
− η3h̃ − kγ sgn(h̃) (71)

˙̂α = q̂ − ˙̂γ − η4q̃ − kαsgn(q̃) (72)

where

L̂ = 1
2 ρ0V 2 S0 × 0.6203α̂

M̂yy = 1
2 ρ0V 2 S0c̄0

[
(−0.035α̂2 + 0.036617α̂ + 5.3261 × 10−6)

+ (c̄0/2V )q(−6.796α̂2 + 0.3015α̂ − 0.2289)

+ 0.0292(δe − α̂)
]

h̃ = ĥ − h, q̃ = q̂ − q

and where η1, η2, η3, and η4 are positive constants selected as 2.0,
1.8, 0.0001, and 0.001, respectively, and kh , kq , kγ , and kα are the
sliding gains chosen by the designer.

The sliding surfaces of the observer are defined by s0 = 0, where
s0 = [h̃ q̃]T . The average error dynamics during sliding where s0 = 0
and ṡ0 = 0 are

h̃ = 0 (73)

q̃ = 0 (74)

V (sin γ̂ − sin γ ) − khsgn(h̃) = 0 (75)

(
1

2I0

)
ρ0V 2 S0c̄0

{
−0.035(α̂2 − α2)

+
[
0.00742 − 0.3015

(
c̄0

2V

)
q

]
α̃ − 6.796

(
c̄0

2V

)
q(α̂2 − α2)

}

− kq sgn(q̃) = 0 (76)

˙̃γ = 0.3102ρ0V 2 S0α̃ + T (sin α̂ − sin α)

mV

− (µ − V 2r)(cos γ̂ − cos γ )

V r 2
− kγ sgn(h̃) (77)

˙̃α = − ˙̃γ − kαsgn(q̃) (78)

where

α̃ = α̂ − α, γ̃ = γ̂ − γ
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The preceding error dynamics are nonlinear and difficult to ana-
lyze. Further simplification can be made, however, by noting that,
in a hypersonic flight, the velocity V is high and the angle of attack
α and flight-path angle γ are typically very small, which justifies
the following approximations:

sin α ≈ α, sin α̂ ≈ α, cos γ, cos γ̂ ≈ 1

α̂2, α2 ≈ 0, (c̄0/2V )q ≈ 0

An approximation for the local error dynamics can be derived from
the nonlinear error dynamics of Eqs. (73–78) as

h̃ = 0 (79)

q̃ = 0 (80)

˙̃γ ≈ −V

(
kγ

kh

)
γ̃ +

{(
0.3102ρ0V 2 S0 + T

)
mV

}
α̃ (81)

˙̃α ≈
{

−0.00371

(
kα

kq

)(
ρ0V 2 S0c̄0

I0

)
−

(
0.3102ρ0V 2 S0 + T

)
mV

}
α̃

+ V

(
kγ

kh

)
γ̃ (82)

When the trimmed conditions are substituted, the last two error
equations can be further simplified as

˙̃γ ≈ −15060(kγ /kh)γ̃ + 0.0440α̃ (83)

˙̃α ≈ −{0.8425(kα/kq) + 0.044}α̃ + 15060(kγ /kh)γ̃ (84)

The convergence of γ̃ and α̃ depend on the ratios of kγ /kh and of
kα/kq , respectively. As a rule of thumb, the error dynamics of the
observer on sliding surfaces s0 = 0 should be much faster than the
tracking error dynamics, that is,

min{15060(kγ /kh), 0.8425(kα/kq)} � max{λ1, λ2}
In this study, λ1 = 0.3, λ2 = 0.38, kγ /kh is chosen as 0.001, and

kα/kq is chosen as 15, thus, placing the poles of the reduced-order
error dynamics of Eqs. (83) and (84) at −15.06 and −12.64. The
simulation results in Figs. 9 and 10 show the convergence behav-
ior of the off-line observer, that is, it is not being used for the
sliding controller. Figure 9 shows that the errors converge to zero
fast when no measurement noise is assumed. In Fig. 10, the er-
rors converge close to zero when a measurement noise with zero

Fig. 9 Off-line sliding observer without measurement noise, initial
state errors γ̃(0) = 3.0 deg/s and α̃(0) = 2.0 deg.

Fig. 10 Off-line sliding observer with Gaussian measurement noise,
initial state errors γ̃(0) = 3.0 deg/s and α̃(0) = 2.0 deg.

mean and standard deviation 80 ft and 0.15 deg/s, respectively, is
present. The results demonstrate that the sliding observer has good
performance and exhibits robustness with respect to measurement
noise.

Adaptive Sliding Controller–Observer Synthesis
In the preceding sections we discussed the behavior of the

adaptive sliding mode controller and of the sliding mode ob-
server separately. In this section we combine the adaptive sliding
mode controller with the observer to synthesize an adaptive slid-
ing mode controller that does not require full state measurement as
follows:

ˆ̄u =




−v1(α̂, γ̂ , t) − k1 sat

(
s1

�1

)

−v2(α̂, γ̂ , t) − k2 sat

(
s2

�2

)


 (85)

[
βc

δe

]
=

[
â 0

0 b̂

][
Y11 Y12

Y21 Y22

]−1

ˆ̄u (86)

˙̂a = − ka

�
sT
�

[
Y11Y22 −Y11Y12

Y21Y22 −Y21Y12

]
ˆ̄u (87)

˙̂b = − kb

�
sT
�

[−Y12Y21 Y11Y12

−Y22Y21 Y11Y22

]
ˆ̄u (88)

˙̂h = V sin γ̂ − η1h̃ − khsgn(h̃) (89)

˙̂q = M̂yy

I0
− η2q̃ − kq sgn(q̃) (90)

˙̂γ = L̂ + T sin α̂

mV
− (µ − V 2r) cos γ̂

V r 2
− η3h̃ − kγ sgn(h̃) (91)

˙̂α = q̂ − ˙̂γ − η4q̃ − kαsgn(q̃) (92)

where, v1(α̂, γ̂ , t) and v2(α̂, γ̂ , t) are the same function as v1(x, t)
and v2(x, t) in which arguments α and γ are replaced by α̂
and γ̂ .

The preceding controller is simulated for the same maneuvers
and conditions discussed in the preceding sections. The values of
k1 and k2 are taken as 150 and 10, respectively, which are same
as in the adaptive sliding control case. The simulation results are
shown in Figs. 11 and 12. It is seen that the adaptive sliding
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Fig. 11 Adaptive sliding mode controller–observer: response to a 100-
ft/s step-velocity command with parameter uncertainties with initial
state errors γ̃(0) = 0.25 deg/s and α̃(0) = 1.5 deg.

Fig. 12 Adaptive sliding mode controller–observer: response to a
2000-ft step-altitude command with parameter uncertainties with initial
state errors γ̃(0) = 0.25 deg/s and α̃(0) = 1.5 deg.

mode controller–observer does provide good tracking, despite the
presence of parametric uncertainty and assumption of incomplete
state measurement.

Conclusions
In this paper, a MIMO adaptive sliding mode controller is de-

signed for the nonlinear longitudinal model of a generic hypersonic
vehicle. The controller is developed in several stages. First, a slid-
ing mode controller is developed using full state feedback. Then,
the sliding mode controller is made adaptive to deal with paramet-
ric uncertainty more efficiently. A nonlinear sliding mode observer
is developed to estimate the states that are not available for mea-
surement as in a typical hypersonic flight. The combination of the
observer with the adaptive sliding mode controller leads to the final
adaptive sliding mode control design that requires only partial state
variables to be available for measurement. Simulations conducted
demonstrate that the combined adaptive sliding controller–observer
has good tracking performance and robustness in the in the pres-
ence of parametric uncertainty and the assumption of partial state
measurements for the one point in the flight envelop considered in
this study.

Appendix
The detailed expressions of the vectors ω1 and π1 and matrices


2 and �2 are a simplified version of those in Ref. 2:

ωT
1 =




(
∂T

∂V

)
cos α − ∂ D

∂V

−mµ cos γ

r 2

−T sin α − ∂ D

∂α(
∂T

∂β

)
cos α

2mµ sin γ

r 3




π T
1 =



∂L/∂V + (∂T/∂V ) sin α

mV
− L + T sin α

mV 2
+ µ cos γ

V 2r 2
+ cos γ

r

µ sin γ

V r 2
− V sin γ

r

∂L/∂α + T cos α

mV

(∂T/∂β) sin α

mV

2µ cos γ

V r 3
− V cos γ

r 2





2 = [ω21 ω22 ω23 ω24 ω25]

where

ω21 =




(
∂2T

∂V 2

)
cos α − ∂2 D

∂V 2

0

−
(

∂T

∂V

)
sin α − ∂2 D

∂V ∂α(
∂2T

∂V ∂β

)
cos α

0




ω22 =




0
mµ sin γ

r 2

0
0

2mµ cos γ

r 3




ω23 =




−
(

∂T

∂V

)
sin α −

(
∂2 D

∂V ∂α

)

0

−T cos α −
(

∂2 D

∂α2

)

−
(

∂T

∂β

)
sin α

0



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ω24 =




(
∂2T

∂V ∂β

)
cos α

0

−
(

∂T

∂β

)
sin α

0
0




, ω25 =




0
2mµ cos γ

r 3

0

0
−6mµ sin γ

r 4




�2 = [π21 π22 π23 π24 π25]

where

π21 =




∂2 L/∂V 2 + (∂2T/∂V 2) sin α

mV
− 2[∂L/∂V + (∂T/∂V ) sin α]

mV 2
+ 2(L + T sin α)

mV 3
− 2µ cos γ

V 3r 2

−µ sin γ

V 2r 2
− sin γ

r

(∂2 L/∂α∂V ) + (∂T/∂V ) cos α

mV
− ∂L/∂α + T cos α

mV 2

(∂2T/∂β∂V ) sin α

mV
− (∂T/∂β) sin α

mV 2

−2µ cos γ

V 2r 3
− cos γ

r 2




π22 =




−µ sin γ

V 2r 2
− sin γ

r
µ cos γ

V r 2
− V cos γ

r

0

0

−2µ sin γ

V r 3
+ V sin γ

r 2




, π23 =




(∂2 L/∂V ∂α) + (∂T/∂V ) cos α

mV
− ∂L/∂α + T cos α

mV 2

0

∂2 L/∂α2 − T sin α

mV
(∂T/∂β) cos α

mV

0




π24 =




(∂2T/∂V ∂β) sin α

mV
− (∂T/∂β) sin α

mV 2

0
(∂T/∂β) cos α

mV

0

0




, π25 =




−2µ cos γ

V 2r 3
− cos γ

r 2

−2µ sin γ

V r 3
+ V sin γ

r 2

0

0

−6µ cos γ

V r 4
+ 2V cos γ

r 3



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